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Crisp relation — Fuzzy relation

* Crisp relation: Some interaction or association between
elements of two or more sets.

* Fuzzy relation: Various degrees of association can be
represented.

CRISP RELATION FUZZY RELATION

e Cartesian (direct) product of two (or more) sets
X, Y XxY={(xy)| xeX,yeY}
XxY#YxX IF X#Y!

* More generally: ;(xi — {(xlsz,...,xn )()Ci € Xiﬂi € Nn}

, i=1
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Crisp relation
IFX=x VieN XxXx...xX=X"

Crisp relation (mathematically) R(X;, X,, ..., X )c X X

Characteristic function e N,
(Xe, %o, o) %) = { 1 IFF (x) e R
M R 1 2 n O ELSE

LANGUAGE: L = { CHINESE, KOREAN, JAPANESE, ENGLISH }
COUNTRY: C = { KOREA, CHINA, TAIWAN, JAPAN, HONGKONG }
GEOGRAPHY: G = { MAINLAND, ISLAND }

R(L.C.G):
K CTJH, MAINLAND
CHINESE O 10 0 1
KOREAN 1 00 0O
JAPANESE| 0 0 0 0 O
ENGLISH V0 0 0 0 1~
~K C T J HA ISLAND
CHINESE O 0101
KOREAN O 00 OO
JAPANESE| 0 0 0 1 O
viommrien  ENGLISH L0 0 0 Op:Tkdvics szilveszter © Int.Comp. V. /3.
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Crisp relation

MATRIX REPRESENTATION OF n-ARY RELATIONS:

A POSSIBLE REPRESENTATION OF QUINARY RELATION BY
5-DIMENSIONAL ARRAY:

X,
Xs Xs
X N |X3| matrices .
X [ each with Xs Xs
! ! | X4 | rows X4 e Xy
| X5 | columns
X, X D & X,
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Fuzzy relation

Fuzzy relation: {0, 1} is extended to [0, 1]

SIMILARITY OF LANGUAGES
X={ JAPANESE, HUNGARIAN, ENGLISH} : R(X, X)

J H E — 06

0.6
J [ 1 06 01 @) 1
52

H o6 1 02| 1 01
E |01 02 1 1
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Fuzzy relation - definitions

Subsequence:

x=(xlieN)eX X , y=(ylied)eX X , JeN
ieN, jed

n

y is a subsequence of x IFF vje J:y =x
y < x (notation)
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Fuzzy relation - definitions

Projection of a relation:
RIY projection toy

Hry Y(¥)=maX(HR(Z))
y=<X

X={x,y} A={+=} Q={3 £}
R(x,a9)=01/(x,+ $)+0.3/(x,+, £)+0.4/(x, *,$) +0.8/(y, +,£) +1/(y, * $

Rya=R{ (X xA) .
RXA(x a)—03/(x +)+ 0.4/ (x, *) + 0.8/ (y, +)+ 1/ (y, *)

Ry=R¥ (XxQ)
R (X,q)=04/(x,$)+03/(x,£)+1/(y,$)+0.8/(y, £)

R,=RJ X
Ry(x)=04/x+1y
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Projection of a relation

Two-dimensional MF Projection onto X  Projection onto Y
R,=R{ X Ry=RlY

(a) A Two-dimensional MF (b) Frojection onto X () Projection onto

Up(x,)) M (x) = Hp(y) =
manuR(x,y) max (X, )

Itala [ , .
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ruzzy relation - deinitons
Cylindric extension

R T (X-Y) cylindric extension to X

Y « X where R(Y) was defined

HRrtx-y) X =Hg(Y)
X~y

Y={abc},  Ugr(y)=03/a+05/b+04/c, X={abc}x{xy}

KRt x-v) (x) =0.3/(a, x) + 0.3/(a, y) + 0.5/(b, x) + 0.5/(b, y) + 0.4/9, x) + 0.4/(c, y)
R Y Y

supp( R ¥ Y) = max (supp(R) )
X

supp (R TY) =supp (R) x Y

Italdnos | | ,
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Cylindrical extension

Base set A Cylindrical Extension of A
Ryy=RTY

(a) Base Fuzzy Set A () Cylindrical Extension of A

srades

Fades

D ot
L

¢

ship |«

MWember:

Member:

alinos | | , .
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ruzzy relation - deinitons
Cylindric closure:

R(X4, X5, ..., X,) is not known

Knownare [l oy v,, W Ry yys--- 1€ .
Y, = XX i el XY = XX
ey i e | i=1"’

Then cyl(RYY,) approximates R
K oeyiry vi)X) = mln (p (R Yyt x-v; (X) )

=
H R(X1’ X2) MRy x, (Xq) H Ry, ()
1T X2 11 Lo
0 10 50 >
.. X X
“ 1 X2 1 2
HoeyirY x4, R¢x2)(X1a X,)
0 >
X
R=cyl(R)! !
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Cylindric closure

. ,,(Rifxz)mkﬂxf‘)

X1
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Binary relation

Binary relation: Relation between two sets (X,Y)
R(X)Y)

If XY Binary relation = Bipartite graph

If X =Y Directed graph ( Digraph )
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Fuzzy binary relation

Fuzzy binary relation: Every edge bears a membership degree

0.3
0.2
X4 Y, X 0.2 X,
7.0 !
X 03 0.2
X, ® Y, 1.0
0.4
X3
( Sagittal diagram )
Y, Y, X, Xy X Denotation:
X;10.2 1.0 X, 10.3 0.0 0.2 R(x,y) xRy (CF. x<vy)
X, [0.3 0.0 X, 0.0 0.0 0.2 Fuzzy case:
X, 0.0 0.4 X, 0.0 1.0 0.0 Ug (Xy) o/ XRy= g (X,y) =a

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 14.
1] Tanszék



Fuzzy binary relation

Domain and Range
dom R (X)Y)={x|xe X, (Xx,y)eR 3JyeY}
ran R (X)Y)={yl|yeY, (x,y)eR dIxeX}

Fuzzy Domain and Range

M dom R (X) = max M R (X’y) “ ran R (Y) = max H R (X’y)
yeY xe X
AY
K ran (¥) U R (X,y)
HaT Y
ran R 1
i 7., L=
- | _ 4
i : > 0 i S
— X
X M gom (X)
dom R dom
Domain and Range are projections of R
Height of R:
h(R) =max max U g(X,y)=h(dom R) = h(ran R)
xeX yeY
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(Classification of binary relations

1) COMPLETELY SPECIFIED: domR =X
2) INCOMPLETELY SPECIFIED: domR = X
3) ONTO RELATION: ranR =Y
4) INTO RELATION: ranR = Y
5) MAPPING ( FUNCTION ): R(X->Y)

(VxIxeX) (3 Vi ¥alys# Y25 Vi YaeY) (XRy; AND xRy,)
ONLY ONE ‘IMAGEFE’

6) ONE TO MANY:
(Ix[xeX)(T Yy Yalyr# ¥a5 Y ¥2€Y) (XRy, AND xRy, )

7) MANY TO ONE: RIS MAPPING AND
(FylyeY)(3I X, X | Xy # X5 X, X, € X) (X,Ry AND x,Ry)

8) ONE TO ONE:
(Vx|[xeX)(VylyeY)
(ny)—>[($x’|x’¢x,x’eX)(x’Ry)AND(jﬂy’|y’¢y,y’eY)(ny’)]

Y LY Y Y Y LY

(R ) AN T

1) X 3) X 6)IX 2)4) X 5)7) X 8 X

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 16.
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Resolution form of a fuzzy relation

Resolution form (based on o-cuts)
¥ max

R=UaR, oe/\R (Levelset)
0]

Characteristic function
HaR, (xy)=a LR, (xy)

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 17.
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Resolution form of a fuzzy relation

X={X, X5, X3} R (X, X)

0.6 0.0 1.0
M_=104 03 0.0
0.5 0.2 0.3

A\r={0.0,02,03,04,05 086, 1.0}
a =0 can be ignored O, =L,

~

101 101 101
M_o=02 110 [+03 |110 |+ 04 [100 |+
111 101 100
101 101 00 1
+0.5 [000|+0.6/ 000 |+ 1.0|000
100 000 000
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Resolution form of a fuzzy relation

This technique is more generally used: Resolution principle

X={1,2,34,5) N\ p={025,05,1})

u Hoo2s(x)  Hg5(X)

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 19.
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Fuzzy binary relation - inverse

Inverse of a binary relation:
RT(Y, X)={(y,x) | (x,y) € R}

domR ' =ranR, ranR ' = domR

In the fuzzy case:

T
HR'1 (y’ X) = “R (X’ y) (X’ y) e XxY M R'1 = MR
R™)"=R
0.3 0.0
X={x, %%} M_=|0506 == M _;=(030508
0.0 0.6 1.0
0.8 1.0
Y={yy V¥, }
NFORMATIKAI Dr. Kovécs Szilveszter © Int.Comp. V. / 20.
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Crisp relation - composition

Composition of relations (crisp)

P(X,Y), Q(Y,Z) two crisp relations

R(X, Z) =P(X, Y) o Q(Y, 2)
R(X,Z)c XxZ
x,2) e RIFF (Jy|lyeY)((x,y)eP AND (y,z) e Q)

PoQ#QoP
(PoQ)'=Q" 0P
(PoQ)oR=Po(QoR)=PoQoR

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./21.
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Italinos [ [ |

Composition of binary Fuzzy relations
Max-min composition of Fuzzy relations
POX,Y) : Up Q(Y,Z): lq

L poq(X z)=maxmin ( Up(X, y), Laly, 2))
yeY
All properties for crisp relations are satisfied
X PXY) o, v Y Q(Y,Ozz3 7

0.6 Y2, .
.
0.4
X3 w Z,
X, z, min (0.7,0.8)=0.7 X 7
Xy Z, 0.0 y 0.7 .
X, z; min (0.6, 0.8) =0.6 L 1
x, z, min (0.5,0.2) = 0.2
Xy z; min (0.4,0.8)=04" T %
min (1.0,0.5)=0.5 J Max=%
x5 z, min(0.3,0.2)=0.2" _ 0.5 Z,
min (0.2, 1.0)=02 | M =02 X3 0.2
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Other compositions of Fuzzy relations
Max-product composition:

ll’lP@Q('x’Z): nyleayx( P(an’)':UQ(J’aZ))

General s-t composition: s=UNION, t=INTERSECTION

to, o(x,2)= S (1 (x, ) ® 114 (1, 2))

yeY
Composition of membership matrices
MPz[p”‘] MQ=[qu‘] MRz[rij]
[rij]=[pik]03,t[qkj]

Mij =§(pik®qkj)

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./23.
1] Tanszék



Composition of membership matrices
Mpz[pik] MQz[qkj] MRz[rij]
[rij]=[pik]03,t[qkj]

Mij =§(pik®qkj)

Example: Algebric composition: s=a+b-ab, t=ab

X={xq, X} Y={y.Y} Z={z,2,}
Y Z
MP _ {0.1 0.3J MQ _ {0.5 oq
x0.2 0.4 v 0.6 0.8

(0.1-0.5)+(0.3-0.6)—(0.1-0.5)-(0.3-0.6) = 0.22

Z
N {0.22 0.29J

PoAQ "y 032 042

R

1<
I<

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 24.
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Relational Join of binary Fuzzy relations

Relational join (of binary relations)

PX,Y)*Q(Y,Z)={(x,y,2)| (x,y) e PAND (y,z) e Q}  (crisp case)
Mpaq Xy, 2)=min( KX y), Ko (V. 2)) (Fuzzy case)

— Trenary relation

Connection of o and =

HPOQ(X’Z)zm?,XHP*Q(X’y’Z)

(There is no possibility to determine = from o )

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./25.
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Relational Join of binary Fuzzy relations

Example:
X={x, %} Y={y,y} Z={zy,2,}

P(X,Y)=0.1/(x4,y,) +0.5/(Xq,¥,) +0.3/(x,,Y,)
Q(Y,Z)=04/(y,, z,) +1.0/(yq, 2,) + 0.8/ (y,, z,)

RX)Y,Z)=P+*Q=01/ (X, ¥4,Z) +0.1/(Xq, ¥4,2,) +
+0.9/ (X1, y2’ 21) +0.3 / (XZ’ y2’ 21)

S(X,2)=PoQ=05/(x;,2)+0.1/(X,, 2,)+0.3/(xy,2,)

Other joins: min—(t) e.g. product

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. / 26.
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Max-min composition of Fuzzy relations

*The max-min composition of two fuzzy relations R,
(defined on X and Y) and R, (defined on Y and Z) is

Hpor,(X,2) = V[ (X, )N pip (¥,2)]
*Properties: g
e Associativity: Ro(SoT)=(RoS)oT
 Distributivity over union:
Ro(SUT)=(RoS)U(R-T)
* Week distributivity over intersection:
Ro(SNT)c (RoS)N(R-T)

 Monotonicity:
ScT = (RoS)c (RoT)

NFORMATIKAI 2006.05.04. Dr. Kovacs Szilveszter © Int.Comp. V./27.
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Fuzzy inference systems

* fuzzy rule based system

* fuzzy expert system

e fuzzy model

* fuzzy associative memory
* fuzzy logic controller

* fuzzy system

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. /28.
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Fuzzy inference

 The most commonly used fuzzy inference
technique is the so-called Mamdani method.

e In 1975, Professor Ebrahim Mamdani of
London University built one of the first fuzzy
systems to control a steam engine and boiler
combination.

 He applied a set of fuzzy rules supplied by
experienced human operators.

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./29.
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Mamdani Fuzzy inference

e The Mamdani-style fuzzy inference process is
performed in the following steps:

— fuzzification of the input variables,
— Fuzzy inference,
— defuzzification.

* Inference mechanism applied:
Max-min compositional rule of inference (Zadeh)

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 30.
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Fuzzification — Inference — Defuzzification

Measured Variables
(Linguistic Values)

/\

Linguistic
Level

2. Fuzzy-Inference Command Variables

(Linguistic Values)

. 1. Fuzzification
Numerical

Level

3. Defuzzification

N/

Measured Variables<—[ Plant jk Command Variables
(Numerical Values) (Numerical Values)

Italinos (| ]
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Direct Fuzzy Logic Control

Mamdani Model:

Direct
Excpert Control

Controlled

Process (System)

Fuzzy

Fuzzificahon Defuzzification

Inference

Interface Interface

T

Crisp Mechamsm

I
|
|
|
|
|
I
|
|
Ubgetrvations |
|
i
|
|
I
|
I
|
|

Decision Logic Conclusions

)

Enowledge Base

(Lata Base + Fuzzy Eule Base)
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Fuzzy inference system

Three main components:

* rule base

e data base (defines membership functions)
* reasoning mechanism (aggregation)

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./33.
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Fuzzy If-Then Rules

 General format:
Ifxis Athenyis B

 Examples:
— If pressure is high, then volume is small.
— If the road is slippery, then driving is dangerous.
— If a tomato is red, then it is ripe.
— If the speed is high, then apply the brake a little.

NFORMATIKAI 2006.05.04. Dr. Kovacs Szilveszter © Int.Comp. V. /34,
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Linguistic Variables

*A numerical variables takes numerical values:
Age = 65

A linguistic variables takes linguistic values:
Age is old

*Linguistic values are fuzzy sets.

*All linguistic values form a term set:

T(age) = {young, not young, very young, ...
middle aged, not middle aged, ...
old, not old, very old, more or less old, ...
not very yound and not very old, ...}

NFORMATIKAI 2006.05.04. Dr. Kovacs Szilveszter © Int.Comp. V. /35,
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Linguistic Values (Terms)

(a) Primary Linguistic Values

=

Membership Grades

© o o o
o MR O @

40 60
X = age
(b) Composite Linguistic VValues

Mot Too

Membershlp Grades

0.
06 Young but
0.
0.

Italinos [ [ |
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Fuzzy Partition

* Fuzzy partitions formed by the linguistic values
“young”, “middle aged”, and “old”:

—

Middle Aged

i
@
©
I
| .
O
g
£
7]
| .
D
el
=
@
=

© o o o .
o B N RN CO = B « « B

alinos | | , .
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e-covering Fuzzy partition

* The fuzzy partition (frame of cognition) g-covers
the universe of discourse X

VxeX,dieN,u,(x)2e

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./38.
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Fuzzy Partition

* Ruspini-partition (0.5-cover):

sup(supp( A(x) ) ) = inf(core( A;,,(X)))
sup(core( A;(x) ) ) = inf(supp( A;,,(X)))

JJJJJJJ

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 39.
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Boolean Partition

* A induced by the fuzzy partition A4:

LL
TA A As

‘V 'A’

X

JJJJJJJ

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. /40.
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Specificity of Fuzzy Partitions

* Fuzzy partition A’ is more specific than A if all the
elements of A’ are more specific (e.g. in terms of their
specificity measure) than the elements of A.

* Then, the number of elements of A’ is greater than the
number of linguistic terms in A.

* E.g. the fuzzy partition:
A = { Negative, Zero, Positive}
is less specific than the fuzzy partition A’ containing
seven terms (fuzzy sets):
A = {Negative Large, Negative Middle, Negative Small,
Zero, Positive Small, Positive Middle, Positive Large}

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./41.
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Specificity of Fuzzy Partitions

 E.g:

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./42.
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Fuzzy If-Then Rules

 Two ways to interpret “If x is A then y is B”:

A coupled with B A entails B -
y y a—>b=a+b=a-b
7
)
_
X X
A A

Italinos [/NINEN
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Fuzzy If-Then Rules

 Two ways to interpret “If x is A theny is B”:
— A coupled with B (Fuzzy “dot”): (4 and B)

Ri — Ai —> Bi
Ri=A4; > Bi=A4; x B; = ],y 1 (x)Npp(y) / (X,y)
R=A4->5B = Urilei = Urizl (Ai_>Bi)

— A entails B: (not A or B) B —
« Material implication a—b=a+b=a-b
* Propositional calculus
* Extended propositional calculus
* Generalization of modus ponens

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. / 44.
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Fuzzy If-Then Rules (Zadeh-Mamdani method)
* A coupled with B — “Fuzzy dot”:

Ri=4; > B;{=4; x @: ijy w,(X)Npg(y) / (X,y)

X
r r
‘ R:UileiIUizl(Ai—)Bi)
NFORMATIKAI Dr. Kovécs Szilveszter © Int.Comp. V. / 45.
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Fuzzy If-Then Rules

* A coupled with B — “Fuzzy dot”:
i:Ai—)Bi = (Al,iXAz,ix XAn,i)_)Bi = (Al,iXAZ,iX XAn,i) XBi

— JIxxy (HAI’i(Xl)mqu’i(Xz)m°"m“An,i(Xn))m Mp(y) / (X [5Xg5e0XY) =

— JIxxy MAI,i(Xl)mHAZ’i(Xz)m---mHAn,i(Xn)m Mp(Y) / (X1,X0,0-5X 1Y)

(b) Algebraic Product (c) Bounded Product (d) Drastic Product

Dr. Kovécs Szilveszter © Int.Comp. V. / 46.



Fuzzy If-Then Rules
A entails B

a—>b=a+b=a-b

(a) Zadeh's Arithmetic Rule (b) Zadeh's Max-Min Rule § (c) Boolean Fuzzy Implicatiofd) Goguen's Fuzzy Implicatio
1 = 1 1 o 1 e

NFORMATIKAI Dr. Kovécs Szilveszter © Int.Comp. V. /47.
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Max-min compositional rule of inference (Zadeh)

* Single rule with single antecedent

Rule: If x is A theny is B
Fact: x is A’ (Generalized modus ponens)
Conclusion: y is B’

* Graphic Representation:

A’ A B
I i 7
ﬁ X “}B, Y

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. /48.
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Max-min compositional rule of inference

 Single rule with multiple antecedent (Zadeh-Mamdan
Rule: if xis Aandyis B thenzis C
Fact: xis A’ and y is B’
Conclusion: z is C’

* Graphic Representation:

As A B! B T-norm C2
[ w /1
JUU LN AN | ,
X Y U
oo S
[\ Z
X is A’ X yisB Y zis C’

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. /49.
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Max-min compositional rule of inference
e Multiple rules with multiple antecedent (Zadeh-Mamdani
Rule 1: if x is A1 and y is B1 then z is Ci
Rule 2: if x is A2 and y is B2 then z is C2
Fact: xis A’ and y is B’
Conclusion: z is C’

A’ A1 B’ B
jaail N
L BN B /) ,
A’ B’

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V./ 50.
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Max-min compositional rule of inference

* Single antecedent, multiple rules — composition
(Zadeh-Mamdani

y=x°R
heor(Y) = max, o ymin[ p(x), pr(xy) ] VyeY

NFORMATIKAI Dr. Kovécs Szilveszter © Int.Comp. V. /51.
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Max-min compositional rule of inference

* Single antecedent, multiple rules — composition
y=xoR (Zadeh-Mamdani

Hor(Y) = max, . ymin[ u (x), pur(x,y) | =

= maxy . y min| p(x), Urizl MRi(XaY) 1=

= maxy y min[ p(x) , \J'i— min( pg(x),np(y)) 1=
= maxy y \J'i—y min[ py(x) , min( pg(x),05.(y) ) 1=
= maxy y \J' = min[ p(x), hg (%), pp(y) 1=

= maXXEXmaXXEX,er( min[ p(Xx), HAI(X) ) HBI(Y) I,

min| py(X) , kg, (X) 5 kg, 15 -
minf p(x) , py (X), up(y) 1) =

= Urizl max, - y min[ p(x), MAi(X) ) HBi(Y) 1=

= U e () VyeY
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Max-min compositional rule of inference

» Single antecedent y=x-R (Zadeh-Mamdani
Moor(Y) = maxy ey mi/n[ uy(X), ur(x,y) 1 VyeY
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Max-min compositional rule of inference
o Multiple antecedents — composition (Zadeh-Mamdani

=(X;,%y,..%,)°R

L(xl,xZ ..... xn)oR(Y) — maXXI,Xz,...,Xn mln[ Mxl(Xl)auxz(XZ)a"°auxn(xn) > “R(Xa}I) ] -

=maxy o minf (X)), (X0),0ly (X)) 5 J'img BRAX X0, Xp0Y) ]

- maxxl,xz,,_,,xn mm[ uxl(Xl)auxz(XZ)r--aHxn(Xn) >
Urizl mln( MAlji(Xl)aquji(XZ)a"w““An,i(Xn)a”'Bi(Y) ) ]

r .
— MaXy, %o, Xp \J'j=1 min| “xl(Xl)auxz(X2)a"'9“xn(Xn) ’

My (XDaR, (X2)sensbg, ()i g(Y) ) 1=

r .
= 1=1 maXxl,xz,,,,,xn mln[ “xl(Xl)auxz(X2)a---:“xn(Xn) s

My (XDaR, (X2)sensbg, ()i p(Y) ) 1=

— Urizl u(xl,x2 xn)oRi(Y) v ye Y

.....

NFORMATIKAI Dr. Kovécs Szilveszter © Int.Comp. V. / 54.
1] Tanszék



Max-min compositional rule of inference
* Multiple antecederyts (%adeh-Mamdani

y=(X;,Xy ..., %, ) °R

u(xl,x2,...,xn)oR(Y) =
~ Inaxxl,XQ,...,Xrl InlIl[ uxl(xl)9“x2(X2)9'"9uxn(Xn) ’ HR(Xa}I) ]
VyeY

y
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Fuzzy inference, parallel implementation

Dinner for two
a 2 input, 1 output, 3 rule system

Ruke 1 Heervice s poor or lood s randd,
hen lipis cheaap.

Input 1

==nice {010

Neervice s good, hen ipis average.

Neervicos s axcallen or 100d is dalicicu
then fipis genercus.

The inpuls are crisp Al rwies are The resuits of the rules Theresultis acnsp
{mon-fuzzy) numbers evaluated in paralls/ are cormbined and (mon-fuzzy) number.
lirmited to a specific using fuzzy distilled {defuzzifiad).

range. reasoning.
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Defuzzification

* The last step in the fuzzy inference process is
defuzzification.

* Fuzziness helps us to evaluate the rules, but the
final output of a fuzzy system has to be a crisp
number.

* The input for the defuzzification process is the
aggregate output fuzzy set and the output is a
single (crisp) number.
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Defuzzification requirements

Intuition:

* A crisp value should represent the fuzzy set
from an intuitive point of view (e.g., max.
membership grade)

Computational Burden:
e simple (real-time constraints)
Continuity:

« small changes in fuzzy sets should not result in
large changes of the consequent
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Defuzzification
e The Max Criterion Method

YM: YMEY, My (Yy) = maxy oy Ly(Y)

88
1
! Y Yy
1[4;&» IEM
Y Y
X\/If X\/la
:J;;lgmm-;; Dr. Kovécs Szilveszter © Int.Comp. V. / 59.
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Defuzzification
e The Mean of Maxima Method (MOM)
Yv: 4 Vv € Y| y(yly) = max, .y uy(y) }
Ym — Z:ni=1( ylM/n )
L
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Defuzzification
* The Center of Gravity Method (COG)

Ye = Zer( “y(Y) "y ) / Zer }’ly(Y)
L

[ 1,(»)-y-ay + intuiive
_ Y + smooth
Ve = I,Ll (y) dy - computational burden
Y
E\ff&%ﬂiz;ﬁ Y Dr. Kovécs Szilveszter © Int.Comp. V./61.



Defuzzification

 Defuzzification with additional restrictions

L
]

— =
=<
<
~!

, ym yCr 4

NFORMATIKAI Dr. Kovacs Szilveszter © Int.Comp. V. / 62.
1] Tanszék



Defuzzification
e The Center of Sums Method

Vy =11Yrn V..Ul
Wi — Zer Hyl(Y)

Vi = Zyey( i)y ) 12y 1Y)
Yes — Zie[l,n]( Wity )/ Zie[l,n] Wi
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Compositional rule of inference - example

e Rulel:
IF x1s A1 AND y1s Bl THEN z1s C1

 Rule2:
IF x 1s A2 THEN z 1s C2

 Rule3:
IF y1s B2 THEN z 1s C2

 Rule4:
IF x1s A3 AND y 1s B3 THEN z 1s C3

e (Observations:
Xx=A’
y=b
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Compositional rule of inference: Max-min

i Rule? 2

u Rulel™

B1 £ I

C1

=g (1

TER! Rule4 (TEE

W
B
B B3
/ g :: \
y L")
min

Defurzified
control
Action

Italdnos N | |
NFORMATIKAI
BEY" Tanszék
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Compositional rule of inference: Max-product

“| a1 aRule]

uaz; Rule2 Mg

81 g’ LLC |
L
Ruled | o

=
-—"'"'Hﬂ

Haa : Ruled4 ue

A A3
DA

u
X

Kl

min

¢t Larsen method'

é:ﬁ%;

. \ =
Defuzzified

control
action

Italdnos N | |
NFORMATIKAI
BEY" Tanszék
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Compositional rule of inference - example

SISO: max-min composition center of gravity defuzzification
o If X is small then Y is small

e If X is medium then Y is medium

 If Xis large then Y is large

—
L)

small

K
medium

MEMBDErShiR Grades

large

—
[}
o

o

10

T T
stnall medilm

Membership Grades
=
on

T
large

-/

10 !
0 -5

= — e o = o o -1 ) o
T 1 L T 1

Italinos (| ]
NFORMATIKAI
1] Tanszék
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Compositional rule of inference - example

MISO: max-min composition center of gravity defuzzification
 If Xis small and Y is small then Z is negative large
 If Xis small and Y is large the Z is negative small

If X is large and Y is small the Z is positive small

If X is large and Y is large then Z is positive large

1 small ' large

: ><

U 1

-5 0 5
kit

1 small ' large

A [d

D 1

-5 0 5

= - \'\:"I o .
1 large negative  small negative  ° small positive large positive |
ar

Italinos [ [ |
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Sugeno fuzzy inference

* Sugeno-style (Michio Sugeno) fuzzy inference is
partly similar to the Mamdani method.
(Does not follow compositional rule of inference.)

* Sugeno changed the rule consequent. Instead of a
fuzzy set, he used a mathematical function of the

input variable.
* The format of the Sugeno-style fuzzy rule is

IF xisA AND yis B THEN zis f(x, )

where x, y and z are linguistic variables; 4 and B
are fuzzy sets on universe of discourses X and Y,

respectively; and f (x, y) is a mathematical
function.
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Sugeno fuzzy inference

e The format of the it® rule is

1K x1=ALi AND x2=A2’i AND ... AND x —Anl
THEN Yi= fi(xla X9 see s xn)
e The conclusion:

sz Vi ZWi°f(x1,X2, 9xn)z
y=-4L _ =l :
Z Wi Z Wi
where =l
Wi = m]e_tx{min( X(xj )» My, (xj ))}

w, = mln(wu Wo iseens wn,l.)

NFORMATIKAI Dr. Kovécs Szilveszter © Int.Comp. V. / 70.

1] Tanszé élk



dSugeno fuzzy initerence - SISO
Combines fuzzy sets in antecedents with crisp function in output:
IF x is small THEN Y=4
IF X is medium THEN Y=-0.5X+4
IF X is large THEN Y=X-1 (& Antecedent MFs for Crisp Rules () Cwerall /O Curve for Crisp Rule

: f
- small mediLim large
.
e o
(3
o
= 4 —-
G 05} i
b}
£ 2t
]
=
I - 0 -
-10 I 10 -10 I 10

bt bt
(C) Antecedent MF s for Fuzzy Rules (dy Oyerall KO Curve for Fuzzy Rule
G .

-,

: stnall fediLm large

0.t

Membership Grades

-10 0 10

b4
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Sugeno 1uzzy inierence - M150

 IF Xis small AND Y is small THEN z=-x+y+1
e IF X is small AND Y is large THEN z=-y+3
 IF Xis large and Y is small THEN z=-x+3
 IF Xis large and Y is large THEN z=x+y+2

; amall ' Large
05
|:| 1
-3 ] g
H
-t . e T e g ‘{‘ =
0&f
|] 1
e 0 3
i

Italinos [ [ |
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Zero order Sugeno - Takagi Sugeno

fuzzy inference

 The most commonly used zero-order Sugeno
fuzzy model applies fuzzy rules in the following

form:
IF xis A
AND yisB
THEN zis k

where k is a constant.

* In this case, the output of each fuzzy rule is
constant.

* All consequent membership functions are
represented by singleton spikes.
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/.ero order Sugeno fuzzy inference - example

1 1 1
/ A3
0.1 0.1
0.0 OR Vo |
‘ D> r e (max)
0 x1 X 0 1 Y 0 k1 Z
Rule 1:1F x1s A3 (0.0) OR yis Bl (0.1) THEN z1s k1 (0.1)
1 1 1
0.7 |,
A2 0.2 B2 AND \ 0.2
\ g (min) 1 I
0 x1 X 0 y1 Y 0 k2 Z
Rule 2: IF x is A2 (0.2) AND yis B2 (0.7) THEN zis k2 (0.2)
1 1
Al 0.5 0.5
I I
0 1 X 0 KBz
Rule 3: TF x is A1 (0.5) THEN zis k3 (0.5)

Italinos [ [ |
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Z.ero order Sugeno fuzzy inference - example

* Aggregation of the rule outputs

1 1 1 1

0ol 0.5—| 0.5 0.0 I
0.1— - | 0.1 — |
0 kKl Z 0 K2 Z 0 K3 Z 0 K kKR B Z
ziskl (0.1) |=»| zisk2(0.2) [|=»| zisk3(0.5) = | >
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Z.ero order Sugeno fuzzy inference - example

* Aggregation of the rule outputs by
weighted average (WA)

* No need for defuzzification

(K1) x k1+p(k2)x k2 +p(k3)x k3 0.1x20+0.2x50+0.5x80

== 65
w(kl) + n(k2)+ n(k3) 0.1+0.2+0.5
T -
0 lzl Z
Crisp Output
zl
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Design aspects of fuzzy inference system

Consistency:

 no rules with the same antecedents but
different consequents

Completeness:

* for any observation there is at least one rule
firing
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Advantages of using fuzzy logic

* Conceptually easy to understand
The mathematical concepts behind fuzzy reasoning are
very simple.

* Flexible
Fuzzy rules can be easily modified and added with
starting from scratch.

 Tolerant of imprecise data
* Can model nonlinear functions of arbitrary complexity.

e Can create a fuzzy system to match any set of input-
output data (universal approximator).

e Can be built on top of the experience of experts.
e Is close to natural language.
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Disadvantages of using fuzzy logic

* Difficulties in creating the fuzzy rules base:
It is difficult to create the fuzzy rules base from input-
output data if no fuzzy rule extraction technique is used

* Accuracy of the inference depends directly to the number
of fuzzy rules used in complex problem
The increase in input variables and fuzzy membership
used will increase the number of fuzzy rules exponentially.

e Number of fuzzy rules = M!
where M = number of membership functions
I = number of input variables
(In case of complete rule base)
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Ajanlott irodalom

e The slides of this lecture are partially based on the
books:

Koczy T. Laszlo és Tikk Domonkos: Fuzzy rendszerek,
Typotex Kiado, 2000, ISBN 963-9132-55-1

J.-S. R. Jang, C.-T. Sun, E. Mizutani: Neuro-Fuzzy and Soft
Computing, Prentice Hall, 1997, ISBN 0-13-261066-3

Michael Negnevitsky: Artificial Intelligence: A Guide to
Intelligent Systems, Addison Wesley, Pearson Education
Limited, 2002, ISBN 0201-71159-1
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