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Crisp relation — Fuzzy relation

« Crisp relation: Some interaction or association between
elements of two or more sets.

* Fuzzy relation: Various degrees of association can be
represented.

A B

0.5

CRISP RELATION FUZZY RELATION

o Cartesian (direct) product of two (or more) sets
X, Y XxY={(xy)| xOX,yQdY}
XxYzZYxX |[F X#£Y!

* More generally: )”(Xi :{(Xl,Xz,---,Xn)‘)ﬁ O X, ,i0 Nn}

. =1
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Crisp relation

IFX.=x Oi0N, Xx X% ... xX=X"

Crisp relation (mathematically) R(X;, X, ..., X,) 0 X X

Characteristic function 'O,
(X % ..x)= 4 1 IFF(x)OR

l"l R 1 2 n O ELSE

LANGUAGE: L = { CHINESE, KOREAN, JAPANESE, ENGLISH }

COUNTRY: C = { KOREA, CHINA, TAIWAN, JAPAN, HONGKONG }
GEOGRAPHY: G = { MAINLAND, ISLAND }

R(L,C,G):
K CTJH._ MAINLAND
CHINESE O 1 001
KOREAN 1 00 0O
JAPANESE | O O 0 0 O
ENGLISH V' 0 0 O O 1/
~K C T J H- ISLAND
CHINESE O 01 01
KOREAN O 00OO
JAPANESE | O 0 0 1 O
Eﬁf&ﬁg‘ﬁxgﬁ ENGLISH L 0 0 O OprXgvacs szilveszter®
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Crisp relation

MATRIX REPRESENTATION OF n-ARY RELATIONS:

A POSSIBLE REPRESENTATION OF QUINARY RELATION BY
5-DIMENSIONAL ARRAY:

X1
X3 : X3
< [IX5 LI matrices _
X Xs X Xs each with X Xs
‘ o 00X, Orows X, e Xy
[0 X O columns

X, X3 e X X3

x4 .. X4 x4 . X4

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 4.
[ ] Tanszék




Fuzzy relation

Fuzzy relation: {o,1} is extended tgo,1]

SIMILARITY OF LANGUAGES
X={ JAPANESE, HUNGARIAN, ENGLISH} : R(X, X)

J H E 06
3 [ 1 06 01 @Ql
Holos 1 02| 1 01N _

E |01 02 1 1
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Fuzzy relation - definitions

Subsequence:

x=(xO00ON)OX X , y=(yyg0J3)o0Xx , JON,
i ON, joJd

y IS asubsequencefx IFF 0j0J:y,=x

y < x (notation)
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Fuzzy relation - definitions

Projection of a relation:
R.1Y projectiontoy

He, v =max (U g(x))

y < X
X={x,y} A={+1} Q={$ £}

R(X aq)=01/(+%)+03/(x,+,£)+04/(x, 0% +08/(y,+, £)+1/(y,09%)

Rya=R U (XxA) | =
Rea (X, )= 0.3/ (% +)+0.4/(x, ) +0.8/(y,+)+1/(y,D

Ryo=R 1 (X*XQ)
Ryo (X,9)=04/(x,$)+0.3/(X,£)+1/(y,$) +0.8/(y, £)

Ry,=R | X
Ry(X)=04/x+1ly
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Projection of a relation

Two-dimensional MF  Projection onto X  Projection onto Y
Ry=R | X Ry=R .Y

(a) A Two-dimensional MF (b} Frojection onto X () Projection onto Y

He(X,Y) HA(X) = HUg(y) =
max/z X,y ) maxu/g (X,Y)
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Fuzzy relation - definitions

Cylindric extension
R 1t (X-Y) cylindric extensionto x
Y O X whereRr(y) was defined

Hr:xv)y®=Hg(y)

X >y
Y={a,b,c}, M k(y)=03/a+05/b+04/c, X={a,b,c}tx{x vy}
Hr:x-v)X =03/(a x)+0.3/(ay) +O.5/(b“x)+05/(b Y) +O4/$: X) + 0.4/(c, y)

1

supp(R 1Y) = max (supp(R) )

supp (R 1 Y)=supp (R) xY
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Cylindrical extension

Base set A Cylindrical Extension of A
Ryy=R1Y

(a) Base Fuzzy Set A L th) Cylindrical Extension of A

srades
rades

hip G

'3y

fMember:

1
=
(]
I
O
—
[
Ja
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Fuzzy relation - definitions

Cylindric closure:
R(X{, X, ... , X;) IS NOt KNown

Knownare g, v;s Lr, vys--- 101
Y= X X i0l Xy, = XX
[RENT IO 1=1
Then cyl(R1Y;) approximates R
1 cyl(R ¢ viy (X) :imDirI] (K (R1 YY)t X-Y () )
M (X1, X) Mg, x, (X1) Mg, x, (X)
1T X, 17 17
X
0 10 0\ >
IJ‘ 1+ X2 X1 X2
Mooy R1 xq, Rt Xy) X X2)
0 >
X
- Rzoyl(R)! 1
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Cylindric closure
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Binary relation

Binary relation: Relation between two setgx, Y)
R(XY)

If X #Y Binary relation = Bipartite graph

If X =Y Directed graph ( Digraph)
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Fuzzy binary relation

Fuzzy binary relation: Every edge bears a membership degree

0.3
0.2
Xy ® Y1 X 02 o %
° 70 1
X2 * 0.3 0.2
Xy Y 1.0
3 0.4 2
. X,
( Sagittal diagram)
Y, Y, X, Xy Xg Denotation:
X, 0.2 1.0 X, 10.3 0.0 0.2 R(x,y) xRy (CF. x<y)
X, 0.3 0.0 X, 0.0 0.0 0.2 Fuzzy case:
X, \0.0 0.4 X, \0.0 1.0 0.0 Hs (Xy) a/xRy=Hg(xy)=a
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Fuzzy binary relation
Domain and Range

domR (X,)Y)={x|xOX, (x,yyOR OyQOY}
ran R (X,Y) ={y|yQYy, (x,y) OR 0OxOX}
Fuzzy Domain and Range

M gomr (X) = max M ¢ (X,y) M ranr (Y) = max U g (x,y)
VARR ¢ x X
AY
M ran (¥) M r(XY)
Ho1T v
ran R f
1 PR v
- | _ -
: IS sl dabnmmn 2
——— "
domR X l"l' dom (X)
Domain and Range are projections oR
Height of R:
h(R) =max max M z(x,y) =h(dom R) = h(ran R)
xdX yQgy
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Classification of binary relations

1) COMPLETELY SPECIFIED: domR =X
2) INCOMPLETELY SPECIFIED: domR # X

3) ONTO RELATION: ranR = Y
4) INTO RELATION: ranR #Y
5) MAPPING ( FUNCTION ): R(X oY)

(OxIxOX) (B ynyalys # ¥25 Y. ¥20Y) (xRy; AND xRy,)

ONLY ONE ‘IMAGE’
6) ONE TO MANY:

(Ox[xOX)(Oy,Yaly: # ¥Yos Y2, ¥20Y) (XRy; AND xRy, )
7) MANY TO ONE: R IS MAPPING AND

(CylyDOY) (L X, X [ X3 # X35 Xq, % O X) (X,Ry AND x,Ry)
8) ONE TO ONE:

(Ox[xOX)(OylyQdyY)

(XRy) » [( DX |x#x, xOX) (XRy)AND ( Iy’ |y 2y, yOY) (xRY') ]
Y Y Y Y Y LY

R ) il D ym

1) X 3 X 6)IX 2)4) X 5)7) X 8 X
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Resolution form of a fuzzy relation

Resolution form (based om-cuts)
¥ max

R=UJaR, ol [ & ( Level set)
a

aRr, xy)=a KR, (xy) Characteristic function
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Resolution form of a fuzzy relation

X={x, %X X3} R (X, X)
0.6 0.0 1.0
M_=10.4 03 0.0
0.5 0.2 0.3

L r=1{00,02 03 04 05 06 1.0}

a =0 can be ignorec Ol =H,

M _
M =02
+0.5

INFORMATIKAI
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101 101 101
110 [+03 (110 [+ 04100 |+
111 101 100
101 101 001
000|+0.6/ 000 |+ 1.0|000
100 000 000
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Resolution form of a fuzzy relation

This technique is more generally usedkesolution principle

X={1,23,4,5} |_A:{o.25,o.5,1}

u  Hozs®  HosX

OS5Mops(X) _._._._

0.25 M g o5 (X) =-m-m -

M 1 (%)
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Fuzzy binary relation - inverse

Inverse of a binary relation:
R, X)={(y, x| (xy) OR}

domR ' =ranR, ranR ! =domR

In the fuzzy case:

T
Me1(y, X) = Mg (X, y) (X, y) OXxY Mg-1= Mg
RH1T=R
0.3 0.0
X ={Xq, X, X3 } M r= 1|05 0.6} E— M Rl = {83 82 0'8}
.0 0.6 1.0
0.8 1.0
Y={ynL Yz}

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 20.
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Crisp relation - composition

Composition of relations (crisp)

P(X,Y), Q (Y, Z) two crisp relations

R(X, Z) = P(X, Y) © Q(Y, 2)
R(X,2) DX xZ
(x,z)OR IFF (Oy|yOY) ((x,y)OP AND (y,2)0Q)

PoQ#QoP

(PeQ)*=Q*op”
(PoQ)oR:Po(QoR):PoQoR

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 21.
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Composition of binary Fuzzy relations
Max-min composition of Fuzzy relations
P(X,Y) : Hp Q(Y, 2) : Hq

Mpoq(x 2) = maxmin (Kp(x, y), Koy 2))
ydyY

All properties for crisp relations are satisfied

X PXY) o, wY QY2 7
0.8

Xl o—

X2 0 405 ’
| 0.2 1.0 R=Po°oQ
X; Z; min (0.7, 0.8) = 0.7 X Z
X, Z, 0.0 0.7

X, z; min (0.6, 0.8) = 0.6
X, Z, min (0.5,0.2) =0.2

X; Z; min (0.4,0.8)=0.4 ~ X,
min (1.0,05) =05 J Max=05

X3 Z, min (0.3,0.2) =0.2 _ 0.5 22
min (0.2, 1.0)= 0.2 | Max=0-2 X3 0.2
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Other compositions of Fuzzy relations
Max-product composition:

e (%, 2) = max{s (x, y) 116 (v, 2)

General s-t composition: s=UNION, t=INTERSECTION
e, (%, 2)= S (p(%. y) ® p15(y. 2)

Composition of membership matrices

Mpz[pik] MQz[qkj] MR:[rij]

[rijI=lPiklog il Ayl

[ :Sk'(pik@Cij)

INFORMATIRAL Dr. Kovacs Szilveszter © Int.Comp. V. / 23.
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Composition of membership matrices

Mpz[pik] MQz[qkj] MR:[rij]
[rijl=lPik]logilayl

[ :Sk'(pik@Cij)

Example: Algebric composition:s=a+b-ab, t=ab

X={X, X } Y={ynLY.} Z={z,2,}
0.1 0.3 05 071°
= ' ' M = ' ' M =M U
P X{0.2 0.4} =Q Y{O.G O.BJ =R~ =P°AQ

(0.1105)+(0.310.6)-(0.1005)[(0.3[0.6) = 0.221

Z
{0.22 0.29}

I<

0.32 0.42
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Relational Join of binary Fuzzy relations

Relational join (of binary relations)

P(X,Y)OQ(Y,2)={(x, ¥, 2) | (x, y) OPAND (y,2) 0Q}  (Crisp case)
Mpoo (XY, z)=min(H (X y), Lo, 2)) (Fuzzy case)

= Trenary relation
Connectionof.and o :

I.lPoQ(x, Z):m?/x I.lPDQ (X, Y, 2)

(There is no possibility to determinaxfrom o)

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 25.
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Relational Join of binary Fuzzy relations

Example:
X={Xy, X3 } Y={ynLY} Z={z,2,}

P(X,Y) = 0.1/ (X3, y1) + 0.5/ (Xy, ¥2) + 0.3/ (X5, ¥2)
Q(Y, 2) =0.4/(yy, z,) + 1.0/ (yy, Z,) + 0.8/ (s, Z)

R(X,)Y,Z)=PLQ=0.1/(Xy,¥:,27) +0.1/(Xq, ¥, 2Z,) +
+ 0.5/ (X, ¥2:23) + 0.3/ (X3, Y2, Z4)

S(X,Z2)=P°Q=0.5/(Xq,2z;) +0.1/ (X, 2,) + 0.3/ (X, ;)

Other joins: min - (1) e.g. product

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 26.
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Max-min composition of Fuzzy relations

*The max-min composition of two fuzzy relations R
(defined on X and Y) and R (defined on Y and Z) is

He.r, (X, Z) = g[ﬂRl(x, y) Ue (Y, 2)]
*Properties.
o Associativity: Ro(SoT)=(RoS)oT
e Distributivity over union:
Ro(SUT)=(ReS)U(R-T)
» Week distributivity over intersection:
Ro(SNAT)O(RoS)N(R-T)

e Monotonicity:
SOT = (RoS)O(RoT)

?ﬁ?@’i&mx% 2014.04.07. Dr. Kovacs Szilveszter © Int.Comp. V. / 27.
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Fuzzy inference systems

e fuzzy rule based system
e fuzzy expert system

e fuzzy model

e fuzzy associative memor
e fuzzy logic controller

e fuzzy system

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 28.
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Fuzzy inference

 The most commonly used fuzzy inference
technique Is the so-called Mamdani method.

e |In 1975 ProfessorEbrahim Mamdani of
London University built one of the first fuzzy

systemdo control a steam engine and boller
combination.

 He applied a set of fuzzy rules supplied by
experienced human operators.

Altalanos ]
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Mamdani Fuzzy inference

 The Mamdani-style fuzzy inference process is
performed In the following steps:
— fuzzification of the input variables,
— Fuzzy inference
— defuzzification.

* Inference mechanisn applied:
Max-min compositional rule of inference (Zadeh)

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 30.
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Fuzzification — Inference — Defuzzification

Measured Variables -~ Command Variables

2. Fuzzy-Inference

(Linguistic Values) V/ (Linguistic Values)
/\ [ ]
Linguistic
Level
. 1. Fuzzification 3. Defuzzification
Numerical
Level

Measured Variables<—[ Plant j<—Command Variables
(Numerical Values) (Numerical Values)

INFORMATIRAL Dr. Kovacs Szilveszter © Int.Comp. V. / 31.
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Direct Fuzzy Logic Control

Mamdani Model:

Direct
Expent Contiol

Controlled

Process (System)

Fuzzy

Fuzzification Inference Defuzzification

Interface Interface

T

Mechamsm Crisp

Conclusions

Crisp

Cihgetwations

Decision Logic

)

Enowledge Base

(Lata Base + Fuzzy Eule Base)

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 32.
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Fuzzy inference system

Three main components:

 rule base

e data base (defines membership functions)
e reasoning mechanism (aggregation)

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 33.
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Fuzzy If-Then Rules

e General format:
If Xxi1s Athenyis B

e Examples:
— If pressure is highthen volume is small.
— If the road is slippery,then driving is dangerous.
— If a tomato is red,thenit is ripe.
— If the speed is highthen apply the brake a little.

?ﬁtﬁlgﬁmm:;% 2014.04.07. Dr. Kovacs Szilveszter © Int.Comp. V. / 34.
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Linguistic Variables

*A numerical variables takes numerical values:
Age = 65

*A linguistic variables takeslinguistic values
Age is old

sLinguistic valuesare fuzzy sets

All linguistic values form a term set:

T(age) = {young, not young, very young, ...
middle aged, not middle aged, ...

old, not old, very old, more or less old, ...

not very yound and not very old, ...}

?ﬁtﬁlgﬁmﬂ% 2014.04.07. Dr. Kovacs Szilveszter © Int.Comp. V. / 35.
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Linguistic Values (Terms)

(a) Primary Linguistic Values

—

Membership Grades

© o o o
o N OB O

40 60
X = age
(b) Composite Linguistic VValues

Not Young and Not Olc/-
6 Young but

Not Too Extremely Old

Membershlp Grades

0.
0.
0.
0.

Altalanos ]
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Fuzzy Partition

e Fuzzy partitions formed by the linguistic values
“young”, “middle aged”, and “old”:

—

Middle Aged

i
@
o
0
| .
O
=
=
o
| .
@
o
=
@
=

c o o o :
= RN N LS

o
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g-covering Fuzzy partition

e The fuzzy partition (frame of cognition) e-covers
the universe of discourse X

x X, Li N,yA(x)zg

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 38.
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Fuzzy Partition

e Ruspini-partition (0.5-cover):

sup(supp( A( x) ) ) = Inf(core( A,,(X) ) )
sup(core( A( x) ) ) = Inf(supp( A, (X)) )

ATIKAI Dr. Kovacs Szilveszter ©
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Boolean Partition

* A Induced by the fuzzy partitiof:

K

I Al Ao A
INFORMATIRAI Dr. Kovécs Szilveszter © Int.Comp. V. / 40.
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Specificity of Fuzzy Partitions

o Fuzzy partition A’ is more specificthan A if all the
elements of Aare more specific(e.g. in terms of their
specificity measure) than the elements of A.

 Then, the number of elements of Ais greater than the
number of linguistic terms in A.

* E.g. the fuzzy partition:
A ={ Negative, Zero, Positive}
IS less specific than the fuzzy partition Acontaining
seven terms (fuzzy sets):
A = {Negative Large, Negative Middle, Negative Small,
Zero, Positive Small, Positive Middle, Positive Large}

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 41.
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Specificity of Fuzzy Partitions

e E.Q:

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 42.
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Fuzzy If-Then Rules

 Two ways to interpret “If x is Atheny is B’

A coupled with B A entails B L
y y a-b=a+b=alb
7

7

A A

Ew?lg'ﬁ’ﬁm'n?ﬁ Dr. Kovacs Szilveszter © Int.Comp. V. / 43.
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Fuzzy If-Then Rules

e Two ways to interpret “If x isAtheny is B”™:
— A coupled with B (Fuzzy “dot”): (A and B)

R = A B

— A entailsB: (not A or B)
« Material implication

:Qi :Ai — Bi
Rj =Aj - Bj =A; x Bj :ijY HA(X) N pg(Y) / (X,Y)

r —
=1 Ri =

* Propositional calculus
« Extended propositional calculus
* Generalization of modus ponens

Altalanos | [ |
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a_b=a+b=ab
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Fuzzy If-Then Rules(zadeh-Mamdani method)
A coupled withB —*“Fuzzy dot™:

Ri =Aj - Bj = A X B}': IXxY HA(X) N pg(y) 1 (X,Y)

X
r r
e e = =1 R = Lizg (A — By )
INFORMATIKAI Di. Kovacs Szilveszter © Int. Comp. V. / 45.
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Fuzzy If-Then Rules

A coupled withB —*“Fuzzy dot™:
Ri :Ai - Bi — (Al,i X A2,i X ...X An,i) — Bi = (Al,i X A2,i X ... X An,i ) X Bi =

= .[XxY (UAl,i(Xl)ﬂ UAz,i(Xz)n N “An,i(xn))n Ha(Y) [ (X1.Xo,..1%Y) =
= J.XxY uAl’i(Xl)n HAZJ(XZ)” +eeN ”An,i(xn)m Ma(y) / (X1.Xa:--.%,,Y)

(c) Bounded Product (d) Drastic Product

INFORMATIRAL Dr. Kovacs Szilveszter © Int.Comp. V. / 46.
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Fuzzy If-Then Rules

AentallsB _
a-b=a+b=alb

(a) Zadeh's Arithmetic Rule (b) Zadeh's Max-Min Rule § (c) Boolean Fuzzy Implicatiofd) Goguen's Fuzzy Implication

INFORMATIRAL Dr. Kovacs Szilveszter © Int.Comp. V. / 47.
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Max-min compositional rule of inference (Zadeh)

« Single rule with single antecedent
Rule: If xisAthenyis B
Fact: X Is A’ (Generalized modus ponens)
Conclusion:y is B’

e Graphic Representation:

A A B
Jﬂ@\ 1\
S b
XIis A X /yls_B\ v
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Max-min compositional rule of inference

» Single rule with multiple antecedent (Zadeh-Mamdani)

Rule:ifxisAandyisBthenzisC
Fact: xiIsA’and y is B’
Conclusion:z is C’

e Graphic Representation:

T-norm

A A ’E\;B\ 2
SO LR N,
A B’ J}C’
h [\ S,

XIS A’ X VyisbB Y zis C’

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 49.
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Max-min compositional rule of inference

 Multiple rules with multiple antecedent (Zadeh-Mamdani)

Rule 1l:ifxisAiand yis Bithen zis G
Rule 2:if x isAzcand y is Bthen zis G
Fact: xisA’and y is B’

Conclusion:z is C’

A Al B’ B1 C1
h}(\\ l/j/\/\-\\\\ e mﬂ . 7

X Y

A A2 ’51\;5\2 /Qz\
oI LA
N

— XIis A X yisB Y zis C

INFORMATIRAI Dr. Kovéacs Szilveszter © Int.Comp. V. /50.
EENT Tanszék

>
fh




Max-min compositional rule of inference

e Single antecedent, multiple rules — composition
(Zadeh-Mamdani)

y=x°R
Hor(Y) = maxgx minf p(x) , lr(x,y) | O ydY

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 51.
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Max-min compositional rule of inference

e Single antecedent, multiple rules — composition

y=x°R o (Zadeh-Mamdani)
leor(Y) = Maxx Minf py(x) , HR(XY) | =

= maxx Min[ Kw(X) , Dri:]_ HR(X.Y) | =
= maxy Min[ p(x) , "=y min(ua().ue () ) 1=
= maxy L'i=g min[ pe(x) , min( pa(X). 4 (v) ) 1=

= maxy L2y min[ p(x) Ha(X) » Mg (Y) ] =

= maxx Maxx yoy (ML i(x) | da (%) , kg, () 1,
min[ py(X) , Ha,(X) » B, ] -,
min[ py(x) , Ha (X) , M8, (Y) 1) =

= "izq maxox min wex) , B (), bg () 1=
Altalinos SHEEE = |:| ri:]. uXoRi (y) [ yLlY
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Max-min compositional rule of inference

« Single antecedent y=x-R (Zadeh-Mamdani)
Hy.r(Y) = Mmaxx mi/n[ Hx(X) , Hr(X,y) ] O ydY

e
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Max-min compositional rule of inference
« Multiple antecedents — composition (Zadeh-Mamdani)

Hicaxz, . xmer(Y) =M%,y s MIN[ Py, (X1),Hx,(X2), -5 b (Xn) 5 HR(XY) | =

= MaXe, o MIN B (X)), Hp(X2) -+ b (Xp) Drizl MR (X1, X2, %0Y) ] =
= MaX, x, . x MIN[ Hy (X1), My (X2) 0 b (Xn)

iz minC pa, (X0 Hag (X2)s--bay, (%) Mg (1) ) 1 =

= MaX, . =g MIN[ Py, (X1), By (X0), .. b (Xp) |

Hay (X1):Hay (X2),-- b, (Xn): B (Y) ) | =
= g max, w, e MINL Py, (X1), By (X), .. (Xp) |

Hay (X1):Hay (X2),-- b, (Xn).Hp(Y) ) | =

= |:|ri=1 u(xl,xZ,...xn)oRi(y) L yDY
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Max-min compositional rule of inference

+ Multiple antecedepts (Eadeh-l\/lamdani)
A1,2 1 A22 x2 A21

ALl xI

X1
1422 x2 42,1

X2

Y=(X, %X ,..., %X, )° R

U(xl,xz,...xn)oR(y) = .
= max, x,...x, MIN[ Py, (X1),Hyx,(X2),-- B (Xn) » BR(XY) |
0 yayY
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Fuzzy inference, parallel implementation

Dinner for two
a 2 input, 1 output, 3 rule system

Ruke 1 Heervice s poor or lood s randd,
hen lip e cheap.

Input1

sandce (010

Heervice s good, hen Ipis average.

Nearvice s axoallen or 100d is dalicicy
fren lipis generous.

The inpuls are crisp Al rules are The resuits of the rules Theresult is acnsp
(mon-fuzzy) numnmbers evaluated in paraile! are cormbined and fnon-fuzzy) number.
limited to a specific using fuzzy distilled (detu=zifiad)

range. regsoning.

Altalanos NI
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Defuzzification

* The last stepin the fuzzy inference process Is
defuzzification.

 Fuzziness helps us to evaluate the rules, but the
final output of a fuzzy system has to be a crisp
number.

 The input for the defuzzification process is the
aggregateoutput fuzzy set and theoutput is a
single (crisp) number.
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Defuzzification requirements

Intuition :

* A crisp value should represent the fuzzy set
from an intuitive point of view (e.g., max.
membership grade)

Computational Burden:

o simple (real-time constraints)

Continuity :

 small changes in fuzzy sets should not result in
large changes of the consequent
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Defuzzification
e The Max Criterion Method

Ym: WwHY, Wy (Ym) = maxqy py(Y)

1L

1

u M Yy

lm_, lm_\
Yoar Y Yoo Y
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Defuzzification
 The Mean of Maxima Method (MOM)

Yw s L YMOY | ') = maxgy uy(y) }
ym: Zni:1( yiM /N )

A
I
, .
, .
, .

)

Y, Y
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Defuzzification
 The Center of Gravity Method (COG)

Ve = Zyov( Y)Y ) [ 20y BAY)
L

¥ Y
I ( ) @ my + intuitive
Y, = + smooth
- computational burden
j u,(y) ey
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Defuzzification
e Defuzzification with additional restrictions

L
|
|
|
H Y Y6 Y
1 |
|
|
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Defuzzification
e The Center of Sums Method

y =y Uy, ..Uy,
Wi = ZyDY in(Y)

Vi = Zyoy( KO Y ) 1 2my By (Y)
Yes = ZiD[l,n]( Wi Y ) /ZiD[l,n] Wi
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Compositional rule of inference - example

e Rulel
FXISA1IANDyYIisB1 THEN zis C1

e Rule2
FXxisA2 THEN zis C2

e Ruleld
FyisB2 THEN zis C:

e Rule4
FXISASANDyisB3 THEN zis C3

Observations:
X=A’
y=8
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Compositional rule of inference: Max-min

Hai| AT A Rulelﬂ-ﬂﬂ B1 ) LT

[ S ey N ] — .

III'-"'!J RUIeZ I-LH!

L}
Defuzzified
Haj " Rule4 HE) s KO3 control
MAE _E_E__ action
., / ;: 2 \
% u ¥ L' 7 W
min
INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 65.

HEN | Tanszék



Compositional rule of inference: Max-product

wipm aRule1*™| e, s | "] < Larsen method

L

u v !
urz; Rule?2 Mg E@”'%B HC2 s
A" g a Al C2
ANTA A
LI ¥ W
Ay Ruled us g Defuzified
A -'ﬁl} E,‘ 33 C.] contro
N\ % - action
\ \ i)
X o y ¥ _ P w
min
ﬂt;lgﬁ“ﬁ;é\-l Dr. Kovacs Szilveszter © Int.Comp. V. / 66.
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Compositional rule of inference - example

SISO: max-min composition center of gravity defuzzification
e If XIs small then Y is small
e If XIs medium then Y is medium
e If Xislarge thenY is large

T 10
i small medium large
O
E °\ g
G
S 5t
s 05}
= il
= /
Lok
= 0 1 I I B
-10 i o 2 10
W - §
- small medium large | gl
g ™
& sl
=
A 2|
o
=
5 1
= 0
0 2 4 5 10 0 .
v -10 5 5
Altalanos ] z :
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Membership Gradeshembership Grades Membership Grades

Compositional rule of inference - example

MISO: max-min composition center of gravity defuzzification
o If Xissmalland Y is small then Z is negative lage
 IfXissmallandY is large the Z is negative smal

o If Xislarge and Y is small the Z is positive smal

 If Xislarge and Y is large then Z is positive lage

i small ' large
. ><
D 1
-5 0 &
#
1 small ' large
D 1
-5 0 5
i
1 J=rae negative  small negative ° small positive Iarge_pusiliveJ
D.5 - K X
1] _v/ - I
-5 0

INPORMATIRAT Dr. Kovacs Szilveszter © Int.Comp. V. / 68.
[ ] Tanszék



Sugeno fuzzy inference

e Sugeno-stylgMichio Sugeno)fuzzy inferenceis
partly similar to the Mamdani method.
(Does not follow compositional rule of inference.)

e Sugeno changed theule consequent Instead of a
fuzzy set, he used anathematical function of the

Input variable.
 The format of the Sugencstyle fuzzy ruleis

IF xXISA AND yisB THEN zisf (x,Y)

where X, y and z are linguistic variables; A and B
are fuzzy sets on universe of discourse§and Y,

respectively; andf (X, y) is a mathematical
function.
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Sugeno fuzzy inference
e The format of theit" rule is

|- X1:A1,i AND X2:A2’i AND ... AND xn:An,i
THEN yi=fi(X1, Xoy «e. 1Xn)
e The conclusion

Wi, = m_ax{min(,ux (Xj ) Ha, (Xj ))}

W = min(WLi Wo iy, W )

150N,
Altalanos i z :
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Sugeno fuzzy inference - SISO
Combines fuzzy sets in antecedents with crisp function in ¢out:

IF x Is small THEN Y=4

IF X is medium THEN Y=-0.5X+4
IF X is Iarge THEN Y=X-1 (& Antecedent MFs for Crisp Rules [t:% Cwegrall 11O Curve far Crisp Rules

S small  medium large

@

Je il

[

=

= 40—

S 085} -

a

£ 2

ui]

=
i . a .
-10 i 10 -10 I 10

bt bt
(C) Antecedent MFs for Fuzzy Rules (dy Oyerall WO Curve for Fuzzy Rules
& .

-
L=

small FriedliLim large

o
B
=
o
=
w05}
ok}
=
=
ok}
=
[
-10 0 10
o X
Altalinos 'NMENE Dr. Kovacs Szilveszter © Int.Comp. V. /71.

INFORMATIKAI
| [ | Tanszék



Sugeno fuzzy inference - MISO

 |IF Xissmall AND Y is small THEN z=-x+y+1
 |IF Xissmall AND Y is large THEN z=-y+3
 |IF Xislarge and Y is small THEN z=-x+3
 |IF Xislarge and Y is large THEN z=x+y+2

o amall I Large
o
=
!
G
=
S 05}
L8]
S
=
oL
=
|:| L
-5 ] ]
A
- S mall ' Large
LA
-
e
i
=
w05
k]
]
F=
LA
E —/_'//
|:| L
-5 1] )
Y
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Zero order Sugeno- Takagi Sugeno

fuzzy inference

 The most commonly used zero-order Sugeno
fuzzy model applies fuzzy rules in the following

form:
|- X IS A
AND vVyisB
THEN zisk

where K is a constant.

 |n this case, the output of each fuzzy rule is

constant.
 All consequent membership functions are

represented by singleton spikes.

Dr. Kovacs Szilveszter © Int.Comp. V. /73.
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Zero order Sugeno fuzzy inference - example

1 1 1
A3 Bl
0.0 01 | | oR \0.1

D> i maX
()Okl Z

0 x1 X 0 yl

Rule 1:IF xisA3 (0.0) OR yisB1 (0.1) THEN ziskl (0.1)

1 1 | 1
A o7,

/IA2)\ 0.2 B2 AND \ 0.2
/ \ g | (min) I |
0 x1 X 0 yl 0 k2 y4

Rule 2: IF xis A2 (0.2) AND yis B2 (0.7) THEN zisk2 (0.2)

<

<

1 1
Al 0.5 0.5
I l
0 x1 X 0 k3 Z
Rule 3: IF x is Al (0.5) THEN 2isk3 (0.5)
Altalanos i
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Zero order Sugeno fuzzy inference - example

« Aggregation of the rule outputs

1 1 1 1
0.5 0.5
| 0.2
0.1 02 01— | I
0 K Z 0 Kk Z 0 KB z 0 K k Kk Z
ziskl (0.1) |=»| zisk2 (0.2) |=»| zisk3 (0.5) = | >
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Zero order Sugeno fuzzy inference - example

e Aggregation of the rule outputs by
weighted average (WA)

e NoO need for defuzzification

= OO XKL+H(k2) xk2-+(k3) k3 _ 0.1x20+0.2x50+0.5%80 _

65
u(kl) +u(k2) + u(k3) 0.1+0.2+0.5
co1
0 lzl Z
Crisp Output
Z1
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Design aspects of fuzzy inference system

Consistency

e NO rules with the same antecedents but
different consequents

Completeness

e for any observationthere iIs at least one rule
firing

Altalanos NI
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Advantages of using fuzzy logic

e Conceptuallyeasy to understand
The mathematical concepts behinduzzy reasoning are
very simple.

* Flexible
Fuzzy rules can beeasily modifiedand addedwith
starting from scratch.

e Tolerant of imprecise date
e Can model nonlinear functionsof arbitrary complexity.

e Can create a fuzzy system to match any set of input-
output data (universal approximator).

e Can be built on top of the experience of experts.
* |s close to natural language
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Disadvantages of using fuzzy logic

 Difficulties in creating the fuzzy rules base:
It is difficult to create the fuzzy rules base from input
output data if no fuzzy rule extraction technique is used

« Accuracy of the inference dependdirectly to the number
of fuzzy rules usedn complex problem
The increase in input variablesand fuzzy membership
used willincrease the number of fuzzy rule exponentially.

e Number of fuzzy rules = M
where M = number of membership functions
| = number of input variables
(In case ofcompleterule base)
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Ajanlott irodalom

 The slides of this lecture are partially based on the
books:

Koczy T. Laszlo és Tikk Domonkosfuzzy rendszerek,
Typotex Kiado, 20000SBN 963-9132-55-1

J.-S. R. Jang, C-T. Sun, E. Mizutani: Neuro-Fuzzy and Soft
Computing, Prentice Hall, 1991SBN 0-13-261066-3

Michael Negnevitsky:Artificial Intelligence: A Guideto
| ntelligent Systems, Addison Wesley, Pearson Education
Limited, 2002,|SBN 0201-71159-1
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